We study the short-time dynamics of a three-state probabilistic cellular automaton. This automaton, termed TD model, possess "up-down" symmetry similar to Ising models, and displays continuous kinetic phase transitions belonging to the Ising model universality class. We perform Monte Carlo simulations on the early time regime of the two-dimensional TD model at criticality and obtain the dynamic exponent θ associated to this regime, and the exponents β/ν and z. Our results indicate that, although the model do not possess microscopic reversibility, it presents short-time universality which is consistent with the one of the kinetic Ising model.
Introduction
The issue of universality in nonequilibrium phase transitions has been thoroughly investigated in the last decades. An important conjecture, established by Grinstein and collaborators, 1 concerns the nonequilibrium phase transitions in lattice models defined by stochastic rules which possess up-down symmetry similar to the (equilibrium) Ising model. The conjecture was established for the steady state and the long time stage of relaxation.
More recently the question of universality has been investigated through the analysis of the nonequilibrium states of reversible models. Janssen, Schaub and Schmittmann 2 established, on basis of renormalization group theory, the existence of universal behavior in the early time stage of evolution of dynamic systems. More precisely they argue that there are new universal exponents associated to the time evolution of quantities, as the magnetization, in the initial time stages of the evolution of systems which are prepared at their critical parameters, but are in initial nonequilibrium states. This new universal behavior has been achieved numerically by a number of authors that performed Monte Carlo simulations, [3] [4] [5] [6] [7] [8] in the kinetic Ising and Potts model.
In the present work we are concerned with the short-time behavior of irreversible probabilistic cellular automata. As far as we know this study has not been done until now. The short-time behavior of irreversible models were investigated just for models with continuous time dynamics.
9,10
We consider a three state irreversible probabilistic cellular automaton which dynamics possess up-down symmetry. The stationary properties of this automaton, termed TD model in the following, was analyzed in previous works, 11, 12 with the result that the critical properties are consistent with the stationary critical properties of the Ising model. Here we report Monte Carlo simulations of the short-time behavior of the TD model. We have studied the time evolution of the order parameter, of the second moment of the order parameter and of the Binder cumulant.
13
The analysis of the critical behavior was done by assuming that all the scaling properties for the early time, 2, 6 are also valid for irreversible models.
Model and Scaling Relations
In the TD probabilistic cellular automaton 11 sites of a regular lattice can be occupied by three types of particles: A and B and C. To each site we attach a dynamical variable σ i that takes the values −1, +1 or 0 associated to particles A, B and C, respectively.
The dynamical stochastic local rules of the model describe reaction between particles and are composed by two processes. One of them describes a catalytic reaction where C → A or B whereas the other is spontaneous and describes the reversed process A or B → C. A given C particle is replaced by a A (B) particle with probability p if the majority of its nearest neighbors are of the type A (B) and remains with probability 1 − p. When the number of A and B particles in the neighborhood are the same, C particle is replaced by a A particle with probability p/2 and by a B particle with probability p/2. An A or a B particle turns into a C particle with probability r independently of the neighbors and remains the same with probability 1 − r.
The rules so defined are stochastic and of totalistic type. 16 They can be formally expressed by the transition probabilities per site which in this case will be of the form
with s i defined as
where the sum is over the first neighbors of site i in the lattice.
The transition probabilities are given by the rules
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We remark that
and that the rules have "up-down" symmetry, that is,
This model is similar to the one devised by Brass et al., 14, 15 and was constructed to mimic the part of the immune system constituted by the T-helper cells. Varying the control parameters we found that the model displays a second order line of phase transition in the (r, p) plane. In particular it has been found that for p = 0.3 the critical point is given by r c = 0.196 ± 0.001.
We are interested in the time dependent properties such as the ones defined in the following. We denote the mean-value of the order parameter by
the second moment of the order parameter by
and the fourth-order moment of the order parameter by
The time-dependent Binder cumulant 13 is given by
We are also interested in the time correlation of the order parameter Q(t) defined by
The short-time dynamic scaling relations, settled by Janssen, Schaub, and Schmittman, 2 predict that at the early stage of the evolution of a critical model there is an initial increase of the magnetization that obeys a power law behavior with an universal exponent defined in the following way
where m 0 is a initial small magnetization and θ is a new dynamical critical exponent. To find θ from this relation it is necessary to prepare the system in a disordered state with a very small magnetization. The exponent θ should be evaluated by taking the limit as m 0 goes to zero. [4] [5] [6] 8 In this work, instead of doing numerically this limit, as is usually done, we calculate the quantity Q(t) defined by Eq. (11). This quantity obeys 10 the same scaling relation of M (t), that is,
From the finite-size scaling, 4 it can be shown that the second moment behaves as
for short times, where the exponent ζ is related to the static exponents β and ν and the dynamic exponent z by ζ = (d − 2β/ν)/z in d dimensions. The time-dependent Binder cumulant U (L, t) of a finite system with linear size L satisfies the following scaling relation
where φ(x) is a universal function.
Results
We perform Monte Carlo simulation for a given set of critical parameters (p c , r c ), namely p c = 0.3 and r c = 0.196. We consider square lattices of size L = 10, 20, 40, and 60, with periodic boundary conditions. Each simulation starts with a configuration generated at random. The total number of different initial configurations ranges from 2 × 10 5 to 5 × 10 5 . Each site is updated according to the Markovian rules defined in Eqs. (3) and (4) . The N = L 2 sites of the lattice are updated synchronously. At each time step we calculated the values of the dynamical quantities, whose averages give the Binder cumulant, the time correlation and the second moment of the order parameter. The same procedure is repeated for all the initial configurations. After that the averages are calculated at each time step and over the independent initial configurations.
In Fig. 1 , we show the data collapse for the time dependent Binder cumulant by plotting U versus t/L z . The curves have a best collapse when z = 2.17 with an error of the order 0.05. This value of z is in agreement with results obtained from other models with up-down symmetry.
9,10,17
To find θ we start from an initial disordered and uncorrelated state. We assume that the same short-time scaling relations can be used to study the critical properties of this model. In Fig. 2 , we show, in a double-log scale the time correlation of the order parameter Q(t) obtained numerically by using its definition given by Eq. (11) . Q(t) increase with time and has a power law behavior which sets after approximately 20 time steps. After this time we find the exponent θ from the slope of the curves. It can be seen that for lattice sizes L ≥ 20, the value of θ converges to a definite value namely θ = 0.188 ± 0.003. This value is in fair agreement with value of θ for the kinetic Ising model in two dimensions. We also measure the time evolution of the second moment of the order parameter. In Fig. 3 , we show the log-log plot of M 2 (t) versus time. Also in this case M 2 (t) increases in time but attains a stable power law behavior only after approximately 20 time steps. From the data points we obtained ζ = 0.79 ± 0.01. Now, from ζ = (d−2β/v)/z and using the exact known value β/ν = 1/8 we get z = 2.21±0.02 which agrees, within the statistical errors, with the value z = 2.17 ± 0.05 obtained from data collapse.
Conclusion
We have simulated numerically the TD probabilistic cellular automaton representing the dynamics of an immune system. The dynamical rules are invariant under the exchange of two type of cells leading to an "up-down" symmetry. The TD automaton displays one disordered state whose symmetry is spontaneously broken, as one varies the parameters, giving rise to a nonequilibrium phase transition, as was reported previously. 11 The critical exponents were evaluated from numerical simulations on two dimensions and with the help of short-time scaling analysis. They are consistent with Ising-like universal behavior. These results enlarge the conjecture by Grinstein et al.
1 with the inclusion of the short-time universal behavior.
